Abstract. In this paper we introduce three new classes of functions under names translational slowly varying, translational regularly varying and translational O-regularly varying functions. All classes have important applications in the study of asymptotic processes. In this sense, Uniform Convergence Theorem, Characterization Theorem and Representation Theorem are the main results of this paper for all cite classes of functions. This results are closely connected with the Karamata's theory of regularly varying functions. Also, in this paper we introduce three classes of sequences under names translational slowly varying, translational regularly varying and translational O-regularly varying sequences. All three classes have important applications in the study of asymptotic processes. The results are of relevance in connection with limit statements in various branches of probability theory and ergodic theory.
Introduction and history
We shall say that a positive, finite and measurable function R, defined on I a := [a, ∞) for some a > 0, is a regularly varying function at infinity (denoted this class by RV ) in the sense of Karamata if the limit lim x→∞
R(λx) R(x)
= k(λ) (1) is positive and finite for each λ > 0. It follows immediately that k(λ) = λ ρ for some ρ ∈ R. The number ρ is the index of R.
The RV functions of index ρ = 0 are called slowly varying (denoted this class by SV ) functions and are denoted by L. Their interest lies in the fact that R is a RV function of index ρ if and only if R(x) = x ρ L(x) on some I a .
Classes SV and RV of slowly and regularly varying functions were introduced by Jovan . In this respect we refer to the books of E. Seneta [26] and Bingham-Goldie-Teugels [7] . Both classes have important consequences in the study of asymptotic processes.
In connection with the preceding, the most important properties of RV functions may be stated as follows:
(a) (Characterization Theorem). If R is a regularly varying function, then the limit k(λ) in (1) 
(x) converges to a real number and β(x) → ρ as x → ∞.
We notice that RV functions have been introduced by J. Karamata [17] . He proved for continuous function R the crucial of the here mentioned results.
The Uniform Convergence Theorem for measurable SV functions was proved by T. van Aardennee-Ehrenfest, N.G. de Bruijn and J. Korevaar [31] , H. Delange [13] , W. Matuszewska [22] , and Bojanić-Seneta [8] .
The Representation Theorem for SV funictions L such that log L is integrable on every compact subinterval of (a, ∞) was proved in [31] . Finally, the Representation Theorem in the present form, for arbitrary measurable SV functions, was established by N. G. de Bruijn [11] ; also and Bojanić-Seneta [8] .
To extend Karamata for every λ ≥ 1. In this form ORV functions were introduced by V.G. Avakumović [3] in a note concerning some tauberian theorems, but it was J. Karamata [19] who in 1936 revealed their characteristic properties. It happened that Bari-Stečkin [5] in their well-known memoir on best approximation, which appeared in 1956, indepedently introduced monotone ORV functions which tend to zero and developed their theory.
J. Karamata in 1936 proved that a ORV function K can be characterized by each of the following conditions:
(a) (Representation Theorem). There exist measurable and bounded real functions α and β on I b for some b ≥ a such that for x ≥ b
(b) (Characterization Theorem). There exist four numbers 0 < m < M < ∞ and ρ < τ such that for y ≥ x ≥ b the following inequalities hold:
In this paper, we shall introduce some new classes of functions which have further applications in the study of asymptotic processes and ergodic theory. This facts are closely connected with the Karamata's theory of regularly varying functions.
Translational slowly varying functions
A positive, finite and measurable function A, defined on I a for some a > 0, is said to be translational slowly varying at infinity (denoted this class by T r(SV )) if the limit lim x→∞
A(x + λ)
A(x) = 1 (2) for each λ ≥ 0. The most important properties of T r(SV ) functions may be stated as follows:
Theorem 2.1. (Uniform Convergence Theorem). If A is a T r(SV ) function, then for every [a, b], 0 < a < b < ∞, the relation (2) holds uniformly with respect to λ ∈ [a, b].
Proof. Let A be a T r(SV ) function and let f be defined by
Then, as is easy to see, f is a measurable function on R and f (x + λ) − f (x) → 0 (x → ∞) (3) for every λ ∈ R. If we show that the following fact holds that sup 0≤λ≤1 |f (x + λ) − f (x)| → 0 (x → ∞) (4) the statement will clearly be proved. Suppose that (3) holds and that (4) is not true. Then we can find δ > 0 and sequences (λ n ) and (x n ) such that λ n ∈ [0, 1], x n ≥ n, and
Let m * be the outer measure of subsets of R and for 0 < ε < δ/4 let M n := t : sup Annotation. The preceding proof follows the same ideas as the analogous proof of Lemma 1 in Bojanić -Seneta [8] .
The following statement gives an integral representation theorem for functions from the class T r(SV ).
Theorem 2.2. (Representation Theorem). If A is a T r(SV ) function, then there exists a positive number b ≥ a such that for all x ≥ b we have
where µ(x) is a positive and measurable function on
Proof. Let A be a T r(SV ) function and let f be defined by f (t) = log A(t). Then, as is easy to see, f is a measurable function for t ≥ b, where I b is the domain of A, and f satisfies the following condition that
uniformly with respect to λ ∈ [0, 1]. Define the function f 1 (t) by
for n ≤ t ≤ n + 1, and all n ∈ N ∪ {0}. Since
for n ≤ t ≤ n + 1, it follows that, for all n ∈ N ∪ {0}, f 1 (n) = 0. Hence, f 1 (t) is continuous and
for n ≤ t ≤ n + 1. Also we obtain that
and thus, as t → ∞, we have
Hence, since the function x → f 1 (x) it has continuous derivative for x ≥ b, we obtain
where x → ϕ(x) is a contunuous function for x ≥ b. If to differentiate (6) we have f 1 (x) = ϕ(x) for x ≥ b, i.e., from the preceding facts, we obtain
with the function x → ε(x) which is a continuous function on I b such that ε(x) → 0 as x → ∞. From (6) and (7) we obtain
where C is a constant. Also, from the preceding facts, we have
where µ(x) and ε(t) are as required the Representation Theorem.
Conversely, according to these conditions, every the function A(x), with the representation (5) , is a measurable function on I b and for every λ ≥ 0 holds
and with this the proof is complete. Remark. We notice that from the preceding proof of part (8) we have a directly and a simple proof, in the proper manner, of the Theorem 1.
An illustration. We notice that a typical result of the Abelian nature can be stated as follows. Let k be a measurable function such that
δt |k(t)|dt < ∞ for some 0 < δ < ∞, then for every translational slowly varying function A we have
Translational regularly varying functions
A positive, finite and measurable function f , defined on I a for some a > 0, is said to be translational regularly varying at infinity (denoted this class by T r(RV )) if the limit
is positive and finite for each λ ≥ 0.
A function f is said to be translational regularly varying at zero if f (1/x) is translational regularly varying at infinity.
Translational regular variation can now be defined at any finite point a by shifting the origin of the function to this point.
It is thus apparent that it suffices to develop the theory of translation regularly variation at infinity, which we shall do, frequently omitting the words "at infinity" in the sequel.
The fundamental statement of this section is the following, since it shows that h(λ) must have the form e σλ , and so the f considered must be translational regularly varying in the previously defined sense. We shall proceed by proving Theorem 3 via a well-know variant statement of Cauchy in the following form.
Theorem 3.4. Let r(y) be a real measurable function defined on
with finite ρ(µ) and for each µ ∈ R, then
(See: A. Zygmund [34] .)
A brief variant proof of this statement based on Césaro limit of a sequence may be found in E. Seneta [26] .
As an immediate application of Theorem 4, as a directly consequence, putting r(y) = log f (y), λ = µ and ρ(µ) = log h(µ), we obtain the following essential result. 
In connection with preceding facts, in further, from Theorem 5 we have that every translational regularly varying function f has the representation in the form
where b ≥ a, where σ ∈ R and A(x) is a translational slowly varying function. In connection with this, from the preceding section and this facts, we have the following fundamental statement. 
Now, from Theorem 6, as an immediate consequence, we obtain the following statement on uniformity of convergence in the following sense.
The following statement, the analogue of Theorem 1, ensures, under measurability of f , uniformity of convergence of finite intervals in (9) . The proof of this statement is analogous to the proof of Theorem 1. Annotations. In connection with the Characterization Theorem we notice that from
for all nonnegative λ and γ. This is a form of the Cauchy (or Hamel) functional equation on the nonnegative real numbers, for a function h > 0, which, being a pointwise limit of measurable functions, is measurable.
It is known (see: J. Aczél [1] ) that under these conditions the only solutions are of the form e σλ for −∞ < σ < ∞.
Based on the above facts the proof of the preceding statement , as and Theorem 3, we can give also serve as an illustration of the use of Lusin's Theorem in the present setting, which with Egorov's Theorem and Steinhaus's Theorem, appear to be in the natural tools for the present theory.
Examples. The function A(x) = log(x + 3) for x ≥ 0 belongs to the class T r(SV ); also, the function
belongs to the class of T r(SV ). On the other hand, the function f (x) = e x for x ∈ R belongs to the class T r(RV ), but lim x→∞ f (λx)/f (x) does not exist, for example, for λ = 3. Hence f / ∈ RV . Annotations. We notice, if f is a T r(RV ) function of index σ, then, from the preceding facts and results, the following statements hold:
lim x→∞ e −τ x f (x) = 0 for τ > σ. (e) For each pair of real numbers τ and ρ with the property τ < σ < ρ, the following facts hold 1) :
(f) For each pair of real numbers τ and ρ with the property τ < σ < ρ, the following facts hold:
(g) For each τ < σ the following fact holds that is
(h) For each τ > σ the following fact holds that is
Translational O-regularly varying functions
A positive, finite and measurable function f , defined on I a for some a > 0, is said to be translational O-regularly varying at infinity (denoted this class by T r(ORV )) if the limit
is finite for each λ ≥ 0. 2) We notice, from (Eq), there follows, as x → ∞, that
for all nonnegative λ and γ. Consequently, to this functional inequality, we have that f is a T r(ORV ) function at infinity if and only if
2) Or, equivalently: if 
and for each x ≥ b. Then, any s ∈ [be n , be n+1 ], for n ∈ N ∪ {0}, is of the form s = be n + λ with λ ∈ [1, 1 + e], so that
Remark. The proof of Theorem 8 follows the same ideas as the proof of Theorem 2.12 in E. Seneta [26] and as the proof of Theorem 1 in Aljančić -Arand -elović [4] . See: Tasković [30] .
The following statement, from Theorem 8, gives an integral representation theorem for functions from the class T r(ORV ).
Theorem 4.12. (Representation Theorem). A function f ∈ T r(ORV ) if and only if there exist σ ∈ R and measurable and bounded real functions µ and η on
We notice that as to conclude, and for the sake of completeness, we give here a proof of the preceding statement, via Theorem 8, which may be of some interest. 
On the other hand
so that, by addition, we obtain
Consequently, the function f can be represented in the form (11), where we have, for τ ∈ R, that is
In this sense, the functions µ and η are bounded on I b , because first, the function log(f (x + t)/f (x)) is bounded for 0 ≤ t ≤ s and b ≤ x ≤ c (for each c ≥ b) and second, by Theorem 8, there exists a number c ≥ b such that this function is bounded for 0 ≤ t ≤ s and x ≥ c, too. Hence we have that (10) implies (11) .
Conversely, if f is of the form (11) and µ and η are bounded, i.e. |µ(
and thus we have that (11) implies (10) . The proof is complete.
Theorem 4.13. (Characterization Theorem). A function f ∈ T r(ORV ) if and only if at least one of the following conditions hold:
(Ta) There exist four numbers 0 < m < M < ∞ and ρ < τ such that for all y ≥ x ≥ b the following inequalities hold:
There exists a real number ρ such that, as x → ∞, the following fact holds:
(Tc) There exists a real number τ such that, as x → ∞, the following fact holds:
In connection with this statement, we notice, moreover, if f ∈ T r(ORV ) then, from Theorem 9, we obtain that there exist four numbers m, M , ρ and τ such that m = e −2C , M = e 2C , ρ = −N + σ and τ = N + σ, and where
Conversely, if (Ta) holds, then directly for
This means that f ∈ T r(ORV ) if and only if (Ta). Thus, we need only show that (Ta) is a equivalent to the (Tb) and that (Tb) is a equivalent to the (Tc).
An illustration for the preceding facts is the following case. If δ(t) is an arbitrary bounded measurable function on the interval [b, +∞), then for the function f (x) = exp x b δ(t)dt we have the following inequalities
is an arbitrary bounded measurable function on the I b for b ≥ a > 0 and σ ∈ R, then for the function of the following form
Hence we obtain f ∈ T r(ORV ).
4)
On the other hand, in fact, we notice that instead the fact (Ta) we can supposed that the following fact holds that for a given λ ∈ (0, ∞) there exist m = m(λ) and M = M (λ) such that
. Also, we can supposes a priory that m and M are independent of λ.
Theorem 4.14. Let f be a T r(ORV ) function and let r be the positive and finite function on (0, ∞) defined by (10). Then there exist the following limits
Annotation. In connection with this statement, the numbers p and q are the lower index and the upper index of the T r(ORV ) function f . If p = q, we say that f is of index p. A special interest are T r(ORV ) functions of index p = 0; and we call them slow T r(ORV ) functions. For a given T r(ORV ) function f define:
where the sup and inf are taken over all measurable and bounded functions η on I b for which there exists a measurable and bounded function µ on I b such that (11) holds. In this sense: 
Suppose, in the sequel, that f is a T r(ORV ) function of lower and upper index p and q, respectively.
Annotation. We notice, in connection with the preceding facts, that if f is a measurable and almost increasing function on I c , then:
and similarly,
On the other hand, if f is a measurable and almost decreasing function
A function f (x) is said to be almost increasing when x → ∞ (i.e., for x large enough) if it is almost increasing on some interval Ic, or, equivalently, if
In this sense, we note that the last relation has the same meaning as
Also, by duality (with respect to the ordered set of positive real numbers in which f takes his values), a function f is said to be almost decreasing on Ic for x ≥ c if there is a constant 0 < m ≤ 1 such that
similarly, a function f (x) is said to be almost decreasing when x → ∞ if
on I c , then:
−αx f (x) on I c for each α < 0 and each c > c. (20) The proof for this is very similar with the preceding proof of (17) and (18) . Indeed, from mf (t) ≤ f (x) for t ≥ x ≥ c there follows:
In further, we notice that, the proof of Theorem 11 is based on the following statement and its consequences.
Lemma 1. Let the function ρ be positive, finite and locally bounded from above on (0, ∞) and such that ρ(s + t) ≤ ρ(s)ρ(t) for each s and t. Then
Proof. For proof of the fact (21) it is enough to prove that the following inequality holds lim sup
in this sense, fix a t > 0 and let s = t. Then for n ∈ N we have first
and, dividing by nt > 0, we obtain
and the required statement follows by letting k → ∞. The proof is compleete. (21) and (22) , respectively, then
Proof. Facts q < ∞ and p > −∞ follow from (21) and (22)
and hence the statement p ≤ q directly follows by leetting t → ∞. The proof is complete.
Corollary 4.17. Let the function ρ be positive, finite and locally bounded from above on (0, +∞) and such that ρ(s + t) ≤ ρ(s)ρ(t) for all s, t ≥ 0, then ρ(t)
≥ e qt for each t ≥ 0 ≤ e pt for each 0 < t < 1, (23) where q and p denoted the limits in (21) and (22) , respectively.
Proof of Theorem 11. The proof of this statement is now immediate, since the function r of Theorem 11 satisfies all hypotheses required for the function ρ in Lemma 1 and its Corollaries (definition (10) and its immediate consequence and Corollary 2 of Theorem 8).
Lemma 2. Let f be of the form (11). Then the function e −λx f (x) almost increases on I b for λ < σ + lim inf x→∞ η(x) and almost decreases on
We notice, using the numbers defined and denoted by ρ, ρ, (13) and (14), the result of Lemma 2 may be stated as follows:
Proof of Lemma 2. From (11) follows (25) for y ≥ x ≥ b and for any real number α.
The function exp µ(x) being bounded away from both 0 and ∞, and so almost increasing and almost decreasing on I b , we can assume that µ = 0. For the same reason the function f is almost increasing and almost decreasing on 
for each c > b and each ρ < σ 0 , and
Proof. The statement follows immediately from the properties (17), (18) , (19) and (20) of almost monotone functions: one obtains (26) by putting f (t) with e −σ 0 f (t) and α = ρ− σ 0 in (17) and (20) ; and, similarly, (27) follows by putting f (t) with e −τ 0 t f (t) and α = τ − τ 0 in (18) and (19) . The proof is complete.
We notice, using the numbers defined by (13) , (14) , (15) and (16) , the result of Lemma 3 can be stated as follows:
The previous reasoning and Lemma 3 show that the sets in (15) and (16) 
hence statement follows if we put
We notice, using the numbers defined by (ηs), (ηi), (15) and (16) the result of Lemmas 4 and 5 can be stated as follows:
Moreover, the realations (24), (28) and (29) imply the following equalities:
From this facts we have as an immediately consequence a part of the following statement. 
We notice, from (30) , for proof of Theorem 12, i.e., (31), we need only show that p = ρ and q = ρ. On this sense the following statement holds.
Lemma 6. Let f be a T r(ORV ) function of lower and upper index p and q respectively. Then
Proof. We shall prove the second relation in (32) . By applying it to the function 1/f one obtains the first one.
If
In further, by putting y = x + t, this inequality becomes
and hence
and by 2) of Theorem 11 we obtain Consequently of this, by definition of the function r, there exists
On the other hand, by Theorem 8, there exist real numbers M > 0 and
then, for c = max{x 0 , x 1 }, for x ≥ c and for some n ∈ N ∪ {0} if t = s + nd we have
Hence, the function e 
implies that f ∈ T r(ORV ) is a consequenca of (Tb), Lemma 2 implies that (Ta) is a consequence of f ∈ T r(ORV ), and Lemma 5 implies that f ∈ T r(ORV ) is a consequenca of (Tc). The proof is complete.

Theorem 4.19. Let f be a T r(ORV ) function of lower and upper index p and q, respectively. Then
lim x→∞ e −τ x f (x) = 0 for each τ > q. (34) Annotation. For the proof of this preceding statement we have to introduce the following numbers:
for the T r(ORV ) function f , and so, we proved that
In the equality (36) one can, evidently, substitute by , i.e., 
where f (x) e τ x can be substituted by f (x) e τ x , i.e., lim sup 
Theorem 4.20. Let f be a T r(ORV ) function of lower and upper index p and q, respectively. Then, if σ < p the following equivalent realtions are true:
there exists a positive nondecreasing function ψ on I b such that
if τ > q the following realtions are true:
there exists a positive nonincreasing function ψ on I b such that
Proof. If σ < p, then the function e −σx f (x) almost increases on I b
, and by the definition and some properties of almost monotone functions 6) this is equivalent to each of the facts (38), (39) and (40). The dual statements (41), (42) and (43) follows in analogous way. The proof is complete.
An important remark. The proofs of Theorems 8-14 I am make by the pattern from papers: Aljančić-Arand -elović [4] , Matuszewska [22] , Matuszewska-Orlicz [23] , and Karamata [19] .
Some subclasses of the class T r(ORV )
From the preceding facts we have the following relations: T r(SV ) ⊂ T r(RV ) ⊂ T r(ORV ). In this sense we give a number new examples of subclasses functions of the class T r(ORV ).
6) A function f is almost increasing on Ic if and only if there exists an increasing function
If log f is locally bounded on Ic (bounded on [c, d] for each d ≥ c), then the following facts are equivalent:
In this sense dual facts holds and for almost decreasing functions. This follows in an analogous way.
Example 1. (T r(ERV ) functions).
A positive, finite and measurable function f , defined on I a for some a > 0, is said to be translational extended regular variation at infinity (denoted this class by T r(ERV )) if
for some d, ρ ∈ R and for every λ ≥ 0. We have clearly T
r(RV ) ⊂ T r(ERV ) ⊂ T r(ORV ), i.e., T r(ERV ) is a subclass of the class of all T r(ORV ) functions.
Annotation. We notice, an intermediary class of functions of extended regular variation (denoted by ERV ) was found by Matuszewska -Orlicz [23] . In this sense, a positive, finite and measurable function f |I a is said to be ERV if
for some d, ρ ∈ R and for every λ ≥ 1. As well-known SV ⊂ RV ⊂ ERV ⊂ ORV . For more detail see [7] . 
Example 2. (T r(S c ) functions). A positive finite and measurable function f |I a is said to be translational S c varying at infinity (denoted this class by T r(S
Lemma 7. A function f ∈ T r(S c ) if and only if the following fact holds that is
Proof. If (44) is not true, then we can find sequences (λ n ) and (x n ) such that λ n → 0 and x n → ∞ as n → ∞, and
If define ψ(x n ) = λ n for n ∈ N and elsewhere to be linear and continuous, then, clearly, ψ(x) → 0 as x → ∞ and From Matuszewska -Orlicz [23] , also see and Schmidt [25] , K c is the set of all ϕ-functions f with the property 
Example 3. (T r(V D) functions). Consider arbitrary functions x and
If (a n ) and (b n ) are arbitrary sequences tending to ∞, then we have that lim n→∞ (a n − b n ) = 0 implies that lim n→∞ f (a n )/f (b n ) = 1.
(c) It holds true
Proof. Let f ∈ T r(V D)
. Taking x(t) = a n and y(t) = b n for n ≤ t < n + 1, we have that
This means that (a) implies (b). That (b) implies (c), first, take any sequence x n > 0 tending to ∞, and any sequence λ n > 0 tending to 0 as n → ∞. Second, putting a n = x n + λ n and b n = x n we find using (b), that
whence we get (c).
Further, by relation (c) we conclude that for every ε > 0 there exist some γ(ε) and δ(ε) > 0 such that
By assumptions from (a), we have that x(t)−y(t) ≤ δ(ε) for t ≥ t 1 and y(t) ≥ γ(ε) for t ≥ t 0 . Taking t 2 = max{t 0 , t 1 } we find that f (x(t) /f y(t) − 1 < ε for t ≥ t 2 . Thus (c) implies (a). The proof is complete. i.e., from a result of D -určić [32] , the function µ(x) has a form h(x) + r(x), where h is a measurable bounded function such that h(x) → 0 as x → ∞ and r is a bounded and uniformly continuous on I a for some a > 0.
Some further facts. In connection with the preceding class T r(V D) functions we have an analogous with the Theorems 6 and 9, as a middle solution problem of representation for the classes T r(RV ) and T r(ORV ).
Theorem 5.21. A function f ∈ T r(V D) if and only if there exist σ ∈ R and measurable and bounded real functions
A general remark. In the preceding parts of this paper we presents main facts on three new classes of functions which have important applications in the study of asymptotic processes and ergodic theory. For further facts of this see: Tasković [29] and [30] .
Translational regularly varying sequences
We notice, in actual fact a weaker definition of (9) can be used, for the assymption that this positive finite limit property obtains for all λ in a subset of positive measure of (0, ∞) implies that it obtains for all λ ∈ (0, ∞).
In connection with this, i.e., with (9), since h(λ) is a positive measurable solution of the following functional equation
it is well known that h(λ) = e σλ for some finite σ, and so we can write f (x) = e σλ A(x), where
A(x) = 1 for each λ ≥ 0; such a translational regularly varying function, for which the index σ of translational regular variation is zero, from the former facts, is called translational slowly varying (denoted this class by T r(SV )).
In connection with the preceding facts, a sequence of positive terms (c(n)) is said to be translational regularly varying (denoted this class sequences by T r(RVs)) if
It is natural to do this and to expect properties of translational regularly varying sequences so defined to have a theory similar to that for translational regularly varying functions.
It is this last point which is the focus of and motivation for the present paper. We shall show that an analogous theory can be developed from (46), but that this development is not generally close, and sometimes far, from a simple imitation of arguments for translational varying functions, a fact which does not appear to have been hitherto apparent.
On the other hand, specifically, if (c(n)) is a sequence of positive numbers satisfying, for some sequence of positive terms (α(n)),
then (c(n)) is said to be a translational regularly varying sequence of index σ. If (c(n)) is a translational regularly varying sequence in the above sense, the function f defined on I a by f (x) = c ([x] ), is a translational regularly varying function. In this case, make it then possible to apply the results about translational regularly varying functions to the theory of translational regularly varying sequences.
We notice that without this the preceding facts, as we shall see, the theory of translational regularly varying sequences cannot be reconstructed along the lines of the theory of translational regularly varying functions.
According to Karamata definition in [16] , a sequence of positive numbers (c(n)) is regularly varying if, for some ρ ∈ (−1, ∞),
From this definition one obtains immediately the following representation theorem:
If (c(n)) is a sequence of positive numbers such that (47) holds, then there exist sequences (η(n)) and (δ(n)) coverging to a finite number and zero, respectively, such that
Former facts. We notice that the elements of a theory of regularly varying sequences were already apparent in the papers of Pólya [24] and Schmidt [25] , which to some extent guided Karamata [16] , [17] and [18] in his development of the theory of regularly varying sequences and functions. A similar, but slightly more general theory was developed almost at the same time by Schur [28] .
A unified theory of regularly varying sequences is given in the paper of Bojanić and Seneta [10] .
As well as other properties of regularly varying functions and sketch history, were reviewed in Bojanić -Seneta [8] .
The following statements of this section are the main results on sequences. In this sense, a first result can be stated as follows. For a translational regularly varying sequence (c(n) ) the limit function h(λ) has the form h(λ) = e σ [λ] for some finite σ and every λ ≥ 0.
Theorem 6.22.
In connection with this statement, we can call the exponent σ of h(λ) = e σ [λ] , arising in connection with a translational regularly varying sequence (c(n)), the index of translational regular variation of the sequence. A translational regularly varying sequence of index zero is called a translational slowly varying sequence in denoted this class by T r(SVs).
The following immediate consequences of the Theorem 16 are very useful in applications:
Corollary 6.23. A sequence of positive numbers (c(n)) is a translational regularly varying sequence of index σ if and only if
lim n→∞ c([n + λ]) c(n) = e σ[λ] for every λ ≥ 0.
Corollary 6.24. A sequence of positive numbers (c(n)) is a translational regularly varying sequence of index σ if and only if
where (A(n)) is a translational slowly varying sequence.
We notice that the proof of Theorem 16 is based on the following two lemmas. In this sense, the proof follows the same ideas as the proof of Theorem 1 in Bojanić-Seneta [10] .
Lemma 9. If (c(n)) is a translational regularly varying sequence, then we have that c(n
Proof. First write a(n) = log(c(n + 1)/c(n)). Then for λ ∈ (0, 1), as n → ∞, we obtain that n+1 k= [n+λ] a(k) = log(c(n + 2)/c([n + λ])) → − log(h(λ)h(2)); and let
Define the following set
so that for any fixed n and λ ∈ E n we have
If suppose now that ξ is an irrational number in (0, 1), then for given ε > 0 we can find α(ξ, ε) such that for n ≥ α(ξ, ε), we have
Hence, for fixed n ≥ α(ξ, ε), there are two possibilities: First, if ξ ∈ E n , then
and second, if ξ / ∈ E n , then from the definition of E n it follows that
i.e., precise, for some 1 ≤ i ≤ n the following fact holds:
and since 1 − ξ is irrational, it follows that 1 − ξ ∈ E n , whence the argument of the first case applies with 1 − ξ in place of ξ. Thus we obtain that
and thus the statement is proved.
Lemma 10. For a translational regularly varying sequence (c(n)) and for fixed λ and µ the following fact holds that is
Proof. Consider first the case where λ ∈ (0, 1). For positive integer n,
and, in the first case we obtain
while in the second case we have
In either case the limit of the right-hand side is h(λ), in virtue of (46); where in the second case we have used also Lemma 9. If λ ∈ (1, ∞), then we obtain analogous
so that [n + µ + λ] can take on the values
and repeated use of Lemma 9 finitely many times gives the result in general case. The proof is complete.
Proof of Theorem 16. If we proceed analogously to the function case, then we may write for 0 ≤ λ, µ < ∞ that is
and thus the Theorem 16 can be now proved easily if one observes that the preceding equality, in view of (46) and Lemma 10, implies that h(λ + µ) = h(λ)h(µ), and that h is a positive measurable function. The proof is complete.
We notice that such results, which are also called "imbedding" theorems, make it then possible to apply the results about translational regularly varying functions to the theory of translational regularly varying sequences. The next result is the following extension theorem. and; since, for fixed λ,
is a right continuous function in x > 0, and as n → ∞, g λ (n + µ) → 0 for each µ ≥ 0, hence g λ (x) → 0 as x → ∞ through all real values. Thus for each λ ≥ 0 we obtain that is
is clearly a translational regularly varying function of index σ. The proof is complete.
In connection with the preceding statement, since we may now apply for f all the properties possessed by translational regularly varying functions, it is easy to deduce some of the analogous properties for the sequence (c(n)). In this sense we have the following essential statement.
Theorem 6.26. (Representation Theorem).
If (c(n)) is a translational regularly varying sequence of index σ, then there exist sequences (µ(n)) and (δ(n)) coverging to a finite limit and zero, respectively, such that
for n ∈ N. Conversely, such a representation for a sequence (c(n)) implies it is translational regularly varying of index σ.
In connection with the preceding facts, from Theorem 18, as an immediate consequence, in particular, we have that 
and, we have, as n → ∞, µ(n) → c ∈ (0, ∞) and
Hence, finally, an obvious extension of sequences (µ(n)) and (δ(n)) for 1 ≤ n ≤ b completes the first part of the proof of Theorem 18.
On the other hand, conversely, if a sequence (c(n)) has the representation (48), then we have, for each λ ≥ 0, as n → ∞, 
where
Proof. We shall show first that conditions (49) and (50) of statement imply the representation (48) for (c(n)), so the sufficiency part of Theorem 19 follows from Theorem 18. Let
where α(0) = 1. By (50) we have ρ(n) → σ(n → ∞). From (51) follows that, for n ≥ 1, we obtain
and, finally,
Converselly, if (c(n)) is a translational regularly varying sequence of index σ, then, from Theorem 18, we have (48).
then (49) clearly holds and 
and
Proof. First suppose that (c(n)) is a translational regularly varying sequence of index σ. We have that is Since e −ρn c(n) = exp {σ−ρ}n A(n) is a translational regularly varying sequence of index σ − ρ > 0, by Theorem 19 we can find a sequence of positive numbers (α(n)) such that
as n → ∞. In view of the preceding relations, the sequence (α(n)) is eventually nondecreasing. Writing e −ρn c(n) = a(n)α(n), we have 
and, since e −ρn c(n) → ∞ (n → ∞) by Theorem 18, it is easy to see that inf k≥n {e −ρk c(k)} is actually attained for some k ≥ n and for each n ∈ N. From here, the proof is analogous to the preceding proof. The proof of relations (ii) of statement is similar and hence omitted. Next, suppose that (c(n)) is a sequence of positive numbers satisfying (i) and (ii) of statement. We have and, on the other hand, next
and so, by the first of the realtions (ii) of statement, we obtain lim sup
i.e., since ρ < σ < τ can be chosen arbitrarily close to σ it follows that
for every λ ≥ 0. Now the proof is complete. 
and, so by the first of the relations (ii) of Theorem 20 we obtain lim inf
i.e., (a) holds. On the other hand, if (c(n)) is a translational regularly varying sequence with index σ and if α + τ < 0 and σ < τ, then we have
and since α + τ < 0 and τ > σ, we have 
which means that the proof, of (a) and (b) of the preceding statements, is complete.
Translational O-regularly varying sequences
In connection with the preceding facts, a sequence of positive terms (c(n)) is said to be translational O-regularly varying Proof for this statement is analogous to the proof of Theorem 17. In connection with this statement, since we may now apply for f all the properties possessed by translational O-regularly varying functions, it is easy to deduce some of the analogous properties for the sequence (c(n)). Thus we have the following essential fact. The proof (in main line) of this statement is analogous to the proof of Theorems 15 and 18.
Some open problems and an illustration
We shall say that a positive, finite and measurable function f , defined on I a for some a > 0, is a translational homothetic function at infinity In connection with the preceding, parallel to the T H functions we can consider OT H functions.
In this sense, a positive, finite and measurable function f on I a for some a > 0 is said to be O-translational homothetic at infinity (denoted this class by OT H) if is finite for all λ > 0 and τ ≥ 0. Specially, from (59), for λ = 1 we have defined the class T r(ORV ) and for τ = 0 we, from the preceding equality, obtain defined the class ORV in the Karamata's and Avakumović's sense.
Open problem 2. To invent representation of the class OTH of the all O-translational homothetic functions!? In this sense, to invent and some characterizations of the class functions OTH!?
In connection with this, we notice that, from As a speciall class functions we defined the following subclass of the class OT H functions. In this sense, a positive finite and measurable function f |I a for some a > 0 is said to be translational S c homothetic at infinity (denoted this class by T HS c ) if the limit f (x) = 1 (60)
